just the opposite of the situation when
the work of Thomas and Young is
considered.

The discrepancies among the various
investigators are outside the limits of
estimated experimental uncertainty. Crit-
ical analysis and selection of the most
reliable data are in the province of
another laboratory, where the system
is now under study (2).
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Control-System Design for a Chemical
Process by the Root-Locus Method

WALTER R. ELLINGSEN and NORMAN H. CEAGLSKE

This paper illustrates the application of the root-locus method in the design of a control
system for a theoretical stirred-tank reactor. The merits of control by measuring reactor
concentration or temperature were considered at both an unstable and stable steady
state reactor condition. The modes of control studied were proportional, proportional~

integral, and proportional-integral-rate.

The primary concern in the design of
all control systems is the time response
of a given system to a prescribed input
or set of inputs. The dynamics of a
system is analyzed experimentally and /or
analytically by one or a combination
of several methods. Most of the standard
methods utilize the Laplace transform
since it transforms a differential equation
in time into an algebraic equation in S,
and in addition the transform permits
the consideration of analysis and design
problems in terms of the complex
frequency S = ¢ -+ tw, rather than in
terms of the time functions.

The frequency-response analysis is the
conventional method of obtaining time-
response information. It provides such
information as system stability, frequency
of damped oscillation, damping, and
steady state error. The method is simple
to apply, and the frequency response
of a component or system may be
obtained mathematically or by laboratory
measurement. The inherent reasons for
the simplicity of this method, however,
result in limiting its usefulness. At the
oufset of a design the complex frequency
S is replaced only by #w, and thus the
analysis is narrowed to the #w axis of the
S plane. Since the real part of 8, (g},
is not considered, the opportunity of
maintaining control over both frequency
and transient responses is discarded.

‘Walter R, Ellingsen is at present with the E. 1.
du Pont de Nemours and Company, Inc., Wilming-
ton, Delaware.
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The more recent design methods,
such as the root-locus (1) and Guilleman’s
(1) methods, take into account the
entire S plane. This is achieved by
working through the poles and zeros of
various transfer functions and thus
simultaneously controlling the frequency
and transient responses. A detailed
description of the root-locus method
(which is used in this paper) may be
found in most recent texts on automatic
control (7).

It should be pomted out that the
control-system design is not for any
specific stirred-tank chemical reactor
but is concerned with the fundamental
variables of a theoretical stirred-tank
reactor. The calculated results have not
been verified experimentally.

The basic continuous stirred-tank
reactor process used in this paper was
originally —described by Aris and
Amundson (2).

GENERAL CONTROL PROBELM
Description of Control-System Process

The process to be controlled is the
continuous stirred-tank chemical reactor
shown in Figure 1. The influent consists
of a reactant A and an inert carrier.
The reaction occurring in the reactor is

24 — products

The reaction is assumed to be exother-
mic, irreversible, and second order. The

A.l.Ch.E. Journal
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material balance around the reactor
may be written

VdA
qt 1)

Equation (1) states that the rate of
accumulation of A in the reactor is
equal to the difference between the
amount of A entering minus the amount
of A leaving and the amount that has
disappeared owing to the reaction.

The energy balance is

= Q(4, — A) — kVA®

T
VCp = Qcp(To — T)

— ha(T — T) + kVA (—AH) (2)

Thus the accumulation of heat in the
reactor is equal to the difference in the
total heat removed (by warming the
influent and by the cooling coil) and
the heat generated by the reaction.

The average coolant temperature and
the inlet coolant temperature are related
by

r o @/QIT 4T,

3
@y +1 ®
where « is defined as
ha
T 2. )
Equation (5) is then obtained by
substifuting Equations (3) and (4)
into Equation (2):
ar _ _ oy _ _Qha
(T = T.) — kVA(AH)  (5)
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Fig. 1. Continuous stirred-tank reactor.

Also the reaction velocity coefficient
may be represented by

b = he? ()

It has been shown (3) that if these
equations are solved in terms of A or T
with steady state conditions being
assumed (that is, dT/dt and dA/dt equal
zero), then there may exist one to
three solutions depending upon the
values of the equation parameters.
For the case of three solutions there
will be three sets of steady state values
of T and A. The high and low values

state however a temperature increase
will cause the rate of heat generation
to be greater than the rate removed, and
the reactor will thus adjust to a higher
temperature. The reverse is true if the
reactor temperature is slightly decreased
from the unstable steady state tempera-
ture.

Therefore to obtain an over-all
satisfactory control of the reactor special
attention must be centered on obtaining
proper control at an unstable steady
state. In the following sections both the
unstable and stable steady state con-
ditions will be considered, and each will
be separately analyzed with concentration
and temperature as the directly controlled
variables.

Derivation of Process Equation

The solution of the basic Equations
(1), (8), and (6) in terms of an explicit
variable A or T would be difficult if
not impossible. A simplification of
Equations (1) and (5) may be effected
by linearizing the nonlinear terms.
This may be accomplished by expanding
each nonlinear term in a Taylor’s series
and retaining only the linear terms.
The Taylor’s series for a function of
two variables may be written as

f@, y) = flxoyo) + (%)Z (x — )

The expansion is about a steady state
value, and these constants will be
denoted by a subscript, s.

With Equation (6) substituted into
(1) and (5) these equations then become

4 (L4 2198‘43)14 - (————’“3‘4* ‘)T

dt v RT.?
(L)t + rar Bl
dr _ _<2AHk,,A,)A
dt cp
(o Ui et

+ (%)TO + (#@3)7

aha(T, - T,..) AHE,A e
_< Vepla + ch)2)Qc t T eoRT,
gﬁg(Ta - Tnn-'f)
+ ( ch(a + Qc”)Z)ch (8)

Values of the constants in Equations (7)
and (8) are chosen specifically to produce
either a stable or unstable steady state
reactor. The constants are reasonable
values but are not for any real system.

Upon substitution of the values,
solution of the equations for A or T,
and transformation, Equations (9), (10),
(11), and (12) result.

For the unstable steady state

4 = 0:005(8~0.0159)A, ~3.39 X 107"T, ~ 1.13X 10™"T,.+1.97 X 10~°Q, +(0.7045° —9.75 X 10° S+2.88 X 10~*)(1/S)

T

_T7.0X10"*A,+(0.005T,+0.00167T,.+0.290Q,)(S+9.20 X 10~)

(S—0.0113)(S+0.00457)

(S—0.0113)(S+0.00457)

For the stable steady state

A

-+ constant

(9)

(10)

_0.005(8—0.0410)A, —7.16X10""T, ~2.39X 10" "T, . +7.83 X 107°Q, 4-(0.0589.5°4-0.00228 S4-0.000160)(1/.S) (11

T

(S4-0.116)(S+0.00740)

_ 0.266A,+-(0.0055+8.23 X 10™9To+(0.00167.8+2.75X 10" T,. — (0.5478+0.090) Q.

(84-0.116)(S+0.00740)

of T are stable steady states, and the
intermediate value represents an unstable
steady state. The physical behavior of
these steady state locations may be
explained as follows. If the reactor is
being operated at either the upper or
lower steady state and a perturbation
in reactor temperature occurs, the reactor
will tend to adjust itself back to the
original steady state value. If the temper-
ature increases slightly, the rate of heat
removed by the cooling coil is greater
than that generated by the reaction
and the reactor cools to the original
steady state. At the unstable steady

Vol. 5, No. 1

Since the variables in Equations (1) and
(5) are A, Ao, T, Ty, T.., and Q., the
following terms must be linearized:

Q.haT  Q.hdl,,
a+ Q. a+ Q.

The linearization of kA2 for example, is

kA2 — kle—e/RTAz

kA®

= kA" + 2k,A(A — A)
2 € _
+ kaAa RT.2 (T T:)

A.L.Ch.E. Journal

4 constant (12)

The constant input terms in Equations
(10) and (12) (last terms), represent
the steady state values of A and T.
This may be shown by the application
of the initial-value theorem, which
gives the value of the function at time =
0. Therefore these terms may be neglected
and the steady state value then added to
the ordinate of all transient response
curves,

In the following sections it will be
shown that the control of this process
essentially consists of maintaining the
system at some predetermined steady
state value by regulating it against
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variations due to changes in Ao, T,
and T.,.. (Disturbances in @, are assumed
negligible.)

No time lags that would be introduced
into the control loop by the actual
operation of the control equipment
(values, sensing elements, etc.) will be
considered in this analysis.

Block Diagram

The variables Ao, To, T.., and Q, in
Equations (9) and (11) may be considered
as signals which are operated on by
their transfer functions and contribute
accordingly to the value of A. The same
is true for Equations (10) and (12) where
T is the measured variable. The control
of the reactor at some specified value of
A or T may be accomplished by a single
feedback loop regulation of one or more
of the variables A,, Ty, T.., and Q..

The block diagram for the case in
which the controller regulates the flow
of water through the cooling coil is
shown in Figure 2, The desired concen-
tration A or temperature T in the reactor
is indicated by 8,; the measured variable
A or T is denoted by 8. If a signal is
entered into the system by a change in
one or a combination of the variables
A, T,., Ty, or Q,, each signal is operated
on by the transfer function of the block
‘and contributes to the value of the output
variable. This signal is fed back to the
comparitor (usually part of the controller)
where it is compared with the desired
variable 0;. The difference in signals
(error signal) then goes to the controller
which acts to correct the error by read-
justing the flow in the cooling ecoil.
In actual operation 8; is held constant
for long periods of time, so that the
response specification for control over
changes in 0, may be within a very
liberal range. The dotted lines represent
signals within the reactor that cannot
be measured; that is it is not possible in
the physical system to isolate any
concentration or temperature measure-
ment as being due to A, T,, T, or
Q.. It is convenient however to consider
the signals as isolated; as will be shown
later, this assumption offers no significant
limitation in the control system design.
The single-loop feedback type of control
system (Figure 2) will be used throughout
this paper. It is by no means the only
or possibly even the best system to
use in controlling this process; it is
practical, however, since it is simple
and widely used in industry today. It
should therefore be analyzed first as a
possible suitable control system. Other
systems might include a minor feedback
loop to the node at Q,, feed forward
control of As (4), and combinations of
these with concentration and/or tempera-
ture being the measured variables.
An equation representing the block
diagram in Figure 2 may be derived as
foliows. From Figure 2 it is seen that
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and

where
6, = GE + LT,To + LT.,TM
+ L4 A, + NQ)

and
G = Ggq.Ga.,
1 N
(CONSTANT iINPUT FUNGTION ) - '\\
N \
A \
o2 Yy, p~——=-~ o
i
iR
- ‘i
%
------ N
\ \*
\\i\
7, W
o LTo —————— N \“

Fig. 2. Block diagram for control of reactor
coolant.
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Fig. 3. Root loci for Equation (22).
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Fig. 4. Root loci for Equation (24) with
2y = 0.003.
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Fig. 5. Root loci for Equation (26) with
z; = 0.003 and z; = 0.02.
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Fig. 6. Root loci for Equation (26) with
Z = 0.005 and 2y = 0.020.
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Therefore the block diagram is represented
by
G Ly,
“1re¢¥Ti+¢
Ly, Ly,
14+ 6 146G

N()
144G

60 TO

+ Tec + AO

+ (15)

DESIGN IN TERMS OF ROOT LOCI
Basic Principles of the Root-locus Method

The root-locus method is a graphical
technique for the determination of the
roots of a polynomial. It has a special
application in the analysis of feedback
control systems, however, since unique
functional relationships exist in these
systems.

The basic elements of the root-locus
method may be illustrated by considera-
tion of the system in Figure 2. If for the
sake of simplicity one assumes that
there are no disturbances in the system,
Equation (15) (the closed-loop system
function) may be written as

0 G

— = — 16

0, 14+d (16)
Since G is usually a ratio of rational
algebraic functions, it may be represented
by two polynomials in S:

G = ’;—% (17)

Substitution of Equation (17) in (16)
gives

p(S) ©
&6 _ g8 _ __pS
0, 1+ p(S) — p(S) + ¢(S) (18)
q(S)

Thus since the zeros of p(S) and ¢(S}
are known, the root-locus method is a
graphical technique for determining the
zeros of p(8) 4+ ¢(8) from the zeros of
p(S) and ¢(8) individually.

Also since G contains the variable
gain factor, the root loci then are the
roots of the equation @ = p(S)/q(8S) =
—1, as a function of the gain. Further
discussion of this material and rules for
construction of the root loci may be
found in standard texts (7, §).

Unstable Steady State
Concentration as the Measured Variable

The process for this condition is
represented by FEquation (9). As
mentioned previously, control will be
maintained through the regulation of
flow in the cooling coil. This will be
true for all systems studied in this paper.

The block diagram for 8, = A; and
6, = A, is then represented by rewriting
Equation (21) (closed-loop equation)
to give
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— G LTn
A 1+GA"+1+GTo
Lr,, L,,
TixgletTixgh
NQ)
+ 13 G (19
where
G = GpoGo, = % (190)
_ G 1.97 X 107°
FAe (8§ — 0.0113)(S + 0.00457)
A
LTa = ’-[To
—3.39 X 1077
= (S = 0.0113)(S + 0.00457) 199
A
o =7,
B —1.13 X 1077
= (8§ = 0.0113)(S + 0.00457) 199
A
LAo = A_o
B 0.005(S — 0.0159) (190)
T (S — 0.0113)(S + 0.00457)
N = él (19¢)
_0.7048°—9.75X10"*5+2.8810"*

S(S—0.0113)(S+0.00457)

The characteristic equation for which
the root loci are to be calculated is the
polynomial 1 4+ G = 0, or G = —1.
This will be solved for various controller
functions, Gzq, as a function of the
control gain.

The root loci of G
S-plane points at which

—1 are the

ZG =tan' 0/—1
= 180° + n360°  (20)

This equation is the basis for all rules
and techniques for construction of the
root loci.

Proportional Control

The controller equation for propor-
tional control is given by

GEQc = K (2])
The open-loop equation is then
G = GEQCGQ,
-5
K1.97 X 10 22)

= (S = 0.0113)(S + 0.00457)

The root-locus plot for Equation (22)
is shown in Figure 3. It is obvious from
the location of the loci that the roots
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Fig. 7. Root loci for Equation (26) with
2z, = 0.005 and z, = 0.040.

Fig. 8. Root loci for Equation (26) with
Z1 = 2 = 0.003.
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Fig. 10. Transient response of concentration
A to a unit step input in A;, reactor at an
unstable steady state.

are positive, and the system will therefore
be unstable for all values of K.

Proportional-Integral Control
The equation for the controller is

A.l.Ch.E. Journal

K
ro. =5 (54 7)

K
= E (S8 +2) (23)
The open-loop equation may then
be written as

K1.97 X 107%(S + z,)
S(S — 0.0113)(S + 0.00457)

The root loci for G in Equation (24)
(with z = 0.003) are shown in Figure 4.
Two of the roots are positive for all
values of K, and thus this system will
always be unstable.

G=

(24)

Proportional-Integral-Rate Control
The equation for the controller is
given by

KR,

Gra. = =g (Sz*“ +IR>

(25)

The open-loop equation is therefore

KR,1.97X107°(S4-2,)(S42,)
S(S—0.0113)(S+0.00457)

For zz = 0.003 and 2z, = 0.02 the
root loci are sketched in Figure 5 (without
any regard for accuracy). In this case
it is evident that the system will be
stable for all values of K for which the
loci are on the negative side of the iw
axis. Thus it is seen that the addition
of the rate action is necessary to attain
system stability. Other root-locus dia-
grams may be constructed for the
proportional-integral-rate action by mov-
ing the zeros of G to different locations in
the S plane. Some of these loci curves are
shown in Figures 6 to 9. The loci of
Figures 6 and 7 are accurate; those of
Figure 8 are not accurate, and those of
Figure 9 are accurate only at the points
indicated on the loci curve. System
stability may be attained with each of
these loci configurations.

G:

(26)

Response Specifications

The problem now arises as to which of
the infinite number of possible root-locus
diagrams should be used as the basis
for the control system design. First of
all, since no specific response specifications
are known, only the relative effect of
the change in a zero location can be
analyzed. This does not limit the useful-
ness of the design, however, since optimum
specifications for various systems are
known. Thus the control system design
is concerned with approaching the
optimum specifications.

Complete control over the effects of dis-
turbances is ordinarily achieved through
a transient response analysis, since
simple correlations between the frequency
and time domain are usually not available.
Design by shaping the frequency-response
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curve is more applicable in control-point
changes. The time-domain specifications
commonly include the following three
characteristics of the response of the
system to a unit-step function of input:
(1) the ultimate state or steady state
value, (2) the settling time (or longest
significant time constant), and (3) the
maximum overshoot. The first quantity
measures the steady state error, which
is the difference between the steady state
value and a constant input signal;
the second measures the speed at which
the system settles down after a control-
point change or a disturbance, and the
third measures the relative stability.
The frequency-response specifications
vary according to whether control is
to be mainly over a disturbance or a
control-point change. In either case a
compromise must be made, since satisfy-
ing the specifications for a disturbance
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steady state.

usually results in producing a less
favorable response for a control-point
change. The reverse is likewise true.

The optimum system for control of a
disturbance is one in which the ratioc of
the output signal to each disturbance
input signal is equal to zero. This ideal
situation can be realized if the controller
gain is infinite. Therefore in systems
in which both reference input changes
and disturbances occur the design
attempts to realize a high gain while at
the same time ensuring suitable relative
stability and/or freedom from noise
interference. An attempt at this compro-
mise in gain usually involves the proper
choice of the controller function.

Interpretation of the Root Loct

The relative merits of the various
root-locus diagrams may now be analyzed
with regard to satisfying the general

A.l.Ch.E. Journal

response specifications. For the control
of a continuous stirred-tank reactor it
is evident that the main problem is in
minimizing the effect of disturbances.
The effect of reference input changes
will also be analyzed, since the physical
operation of a stirred-tank reactor would
at times entail a change in the control
point (during a start-up, etc.).

When one again refers to the root-locus
diagrams (Figures 3 to 9), it is obvious
that any further consideration of Figures
3 and 4 is unnecessary, since the system
will be unstable for all values of K.
Figures 5 to 9 on the other hand should
be analyzed further to determine which
would give the most desirable system
response. The same scale was used in
constructing these plots in order to
facilitate a visual comparison of the
vector magnitudes. Figures 5, 6, and 7
are of the same general type, all exhibiting
possibilities of obtaining a suitable
transient and frequency response. In
each of these plots the gain may be
increased to cause an increase in stability.
The settling time is determined by the
closed-loop pole nearest the iw axis if
the pole has a significant residue magni-
tude. For disturbances this pole is
seen to be approximately —0.005. The
root-locus plot in Figure 8 likewise
indicates that increasing K will increase
the relative stability ; however the over-all
stability is less, owing to the large
amplitude of the cyclic part of the time
response. Also the settling time for
this design will be longer since the complex
poles are closer to the tw axis (with a
significant residue in the complex pole)
than the closest significant pole in the
previous loci plots. If the loci in Figure 9
were used as the basis for design, the
range over which K may be moved to
adjust the response characteristics is
limited by the zero locations. Hence a
system with high damping could not be
achieved.

The root-locus diagrams just discussed
were intended to represent a rough
distribution of the infinite number of
possible configurations. From the pre-
liminary analysis of these loci plots it is
now reasonable to assume that the most
suitable control-system design should be
based on a root-locus plot similar to
those shown in Figures 5, 6, and 7.

Transient Response

The transient response was obtained
by introducing a unit-step function into
Equation (19) and then performing the
inverse transformation of this equation.
Figures 10 to 13 are the results obtained
for root-loci values corresponding to a
¢ 0f 0.6 (K= 63.2) and 0.929 (K = 116.7)
in Figure 6, and for a ¢ of 0.6 (K = 187.0)
in Figure 7.

From a comparison of the transient
response curves the following conclusions
are apparent:

1. An increase in K from 63.2 to 116.7,
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as described by response curves 1 and 2
in Figures 10 to 13, causes a decrease in
the settling time for both a change in
reference input (A;) and for all the
disturbance inputs (To , T,. , and Ao).
An additional increase in K would
further minimize the disturbance inputs.
This desirable . effect would however
become offset with continued increases in
K, since the controller would have become
sensitive to extraneous (noise) signals.

2. The maximum overshoot decreases
with an increase in K. This is observed
for a reference-input change as well as
for all disturbance inputs and may be
interpreted as an increase in relative
stability.

3. In all cases the principal effect of
moving the zero from —0.0200 to
—0.0400 (response-curve 3) is to decrease
the settling time. For the disturbance-
response curves the result is due to a
decrease in magnitude of the residue
in the dominant pole. This effect for a
change in A; is due to an increase in
damping of the dominant complex poles.

4. The overshoot of curve 3 is larger
than curve 2 for a step change in A,
which means that curve 3 represents a
less stable response than curve 2. The
relative stability of these two response
curves in the case of. disturbance inputs
(Figures 11, 12, and 13) is approximately
the same.

Realistic Inputs

The unit-step input just discussed is
obviously not of a realistic magnitude.
If a step input of a different magnitude
were introduced into the variables, the
only effect would be to change the scale
of the ordinate (A). Therefore any point
on the unit-step input response curve
can be interpreted as the percentage
change in A (from A4,) at the correspond-
ing lapsed time.

In order that the relative effect of
each disturbance might be easily seen,
the ordinate of curve 1 in Figures 11,
12, and 13 was changed by introducing
the following inputs into Equation (19):

Variable Input
Ao 0.03 Ib.-mole/cu. ft.
To 10.0°R.
T,, 5.0°R.

These input values are more realistic,
and it has been shown (4) that disturb-
ances of this order of magnitude are
sufficiently small so that their effects
may be described by the linearized
equation. A plot of the transient response
for each disturbance is shown in Figure
14. From a comparison of these curves
it is reasonable to generalize that under
actual conditions of reactor operation
disturbances in A, and T would be the
most difficult to control. If some or all
of the disturbances should occur simul-
taneously, the effect may be easily seen
by a visual summation of the curves.
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Fig. 14. Transient response of concentration A to various step input disturbances, reactor
at an unstable steady state.
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Fig. 15. Closed-loop gain characteristic of concentration, reaction at an unstable steady
state,

Frequency Response

The closed-loop gain characteristics of
|A/A;| and |A/A,| are shown in Figure 15.
The numbers on the curves refer to the
associated transient-response curves in
Figures 10 and 11. The interpretation
of the shapes of the curves for the
frequency response of A/A; , in terms of
the expected transient response charac-
teristics, is seen to correspond to the
results shown in Figure 10. The fre-
quency-response curves of A/A, however
show only a correlation and do not have a
simple transient-response interpretation.

OTHER REACTOR CONDITIONS

Stable Steady State
Concentration as The Measured Variable

The problem of controlling the reactor
at a stable steady state should be rela-
tively easy, since this kind of stability is
autoregulatory. Under these conditions
however the problem still amounts to a
control of disturbances in Ao, 7%, and
T,. (disturbances in €. considered
negligible). It has been shown (3) that
a disturbance from a stable steady state,
although self-correcting, theoretically
takes an infinite amount of time to
come back to the steady state, the speed
decreasing as the steady state is
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approached. With no control it can be
shown that the settling time is described
by

—0.00740¢
Me

Thus the aid of a control system is
necessary to reduce this long settling time.

The root-locus curve for proportional
control is shown in Figure 16. It is
evident from the location of the loci
that the system will be stable for all
values of K. Additional root-locus dia=
grams were constructed for the other
modes of control, and a transient- and
frequency-response analysis was made
for the case of proportional-integral
control. From the over-all analysis it
was apparent that this process condition
was decidedly easier to control than the
unstable steady state condition.

Aw

=018 ~0.0074

Fig. 16. Root loci for proportional control of
concentration, reactor at a stable steady
state.
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Fig. 17. Root loci for proportional control of
temperature, reactor at an unstable steady
state.
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Fig. 18. Root loci for proportional control of
temperature, reactor at a stable steady
state.

Temperature as the Measured Vartable

The unstable and stable steady state
process conditions are now represented by
Equations (10) and (12), respectively.

Root-locus plots were construeted for
the three modes of control, of which only
the plots for proportional control are
shown (Figures 17 and 18). From a
comparison of these two diagrams with
those for concentration as the measured
variable (Figures 3 and 16), it is seen
that stable control of reactor temperature
is easily attained at the unstable steady
state; as previously explained, stable
control is not possible when concentration
is the measured variable (Figure 3). At
the stable steady state for control of
temperature (or concentration), the sys-
tem will be stable for all values of K.

Introducing the other modes of econtrol
was seen to provide additional flexibility
in shaping the root-locus curves, thus
making possible more desirable control.

SUMMARY

The control system for a theoretical,
continuous stirred-tank reactor was de-
signed by the use of the root-locus
method. The root-locus method is a
well established procedure in the servo-
mechanism field (5). Application of this
method to process-control systems has
been shown to be a valuable aid. The
process was approximated by a linear
system which has been shown (4) to be
a good approximation for small disturb-
ances about the steady state. The design
was carried out for stable and unstable
steady state reactor conditions. Also
each condition was examined in terms of
both concentration and temperature as
the controlled variables.

The methods of control considered were
the proportional, the proportional-inte-
gral, and the proportional-integral-rate.
Numerous controller settings were exam-
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ined, some of which were analyzed in
detail be calculating the transient and
frequency responses of the systems.

The root-locus method proved to be
exceptionally useful in providing a
rapid means of obtaining a picture of
system behavior. A preliminary study
of a large variety of systems could be
made in a very short time from sketches
of the approximate root loci.

To control the system at an unstable
steady state, with concentration as the
measured variable, proportional-integral-
rate was necessary. At the stable steady
state any one of the three modes of
control could be used; however propor-
tional-integral-rate action was the most
desirable.

With temperature as the measured
variable both the unstable and stable
steady states could be controlled with
any one of the modes of control the
proportional-integral-rate seeming equal-
ly adequate in both cases and better
than proportional control.

If it is assumed that the proportional-
integral-rate action would be used as the
most suitable mode of control in all
four systems, it is seen that the relative
difficulty of control at the unstable
steady state, as compared with the
control at the stable steady state, is not
as pronounced as might first be expected.
The reason for this is that the auto-
regulatory nature of the stable steady
state is not fast acting, and the system
needs some help from a controller to
reduce the settling time.

The control of the influent concentra-
tion was of the same order of difficulty as
the control of influent temperature,
while both were considerably more
difficult to control than a disturbance
in the inlet coolant temperature.

NOTATION

concentration of A in reactor
desired concentration of A

inlet concentration of A

0, — 8, , crror signal

forward or open-loop transfer
funetion

integral time

variable gain factor

reaction velocity coefficient
residue in pole at —0.00740

any positive or negative integer
flow rate of reactant mixture
through reactor, cu. ft./sec.
coolant flow rate

rate (or derivative) time

Laplace transform variable

time, sec.

temperature of reactor

measured variable

average temperature of coolant
inlet coolant temperature

desired temperature of reactor
temperature of inlet reactant
mixture

volume, cu. ft.
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Greek Letters

a = ha/2¢c.p.
8; = input signal
6, = output signal

damping coefficient
bold face or bar = transformed variable

Il

Constants

a = area of cooling coil, 500 sq. ft.

A, = concentration in reactor at steady
state, 0.704 1b.-mole/cu. ft.

A,” = concentration in reactor at steady
state, 0.0589 lb.-mole/cu. ft.

Ao, = concentration in inlet mixture at
steady state, 1.00 Ib.-mole/cu. ft.

¢ = mean heat capacity of reactant
mixture, 1.0 B.t.u./(Ib.)(°R.)

¢, = mean heat capacity of coolant,
1.0 B.tau./(b){°R.)

e = Activation energy, 44,700 B.t.u./
Ib.-mole

h = heat transfer ecoefficient, 100

B.t.u./(hr.)(sq. ft.)(°R.)
AH = heat of reaction, 20,000 B.t.u./

Ib.-mole

ki = reaction velocity constant, 2.7 X
101 cu. ft./(Ib.-mole)(sec.)

k, = reaction velocity coefficient,
2.98 X 1073 cu. ft./(Ib.-mole) (sec.)

k,’ = reaction velocity  coefficient,
1.354 cu. ft./(lb.-mole)(sec.)

Q.. = steady state coolant flow rate,
0.289 cu. ft./sec.

Q, = steady state reactant flow rate,

0.5 cu. ft./sec.

R = gas constant, 1.987 B.t.u./(Ib.-
mole)(°R.)

p = density of reactant mixture, 60.01
Ib./cu. ft.

p. = density of coolant, 62.4 Ib./cu. ft.

T... = steady state temperature of inlet
coolant, 520°R.

To, = steady state temperature of inlet
reactant mixture, 661.6°R.

T, = steady state temperature of
reactor, 700°R.

T," = steady state temperature of
reactor, 859.5°R.

V = volume of reactor, 100 cu. ft.
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